Abstract. Mechanical responses of materials undergoing large elastic deformations can exhibit a loss of stability in several ways. Such a situation can occur when a thin-walled cylinder is inflated by an internal pressure. The loss of stability is manifested by a non-monotonic relationship between the inflating pressure and internal volume of the tube. This is often called limit point instability. The results, known from the literature, show that isotropic hyperelastic materials with limiting chain extensibility property always exhibit a stable response if the extensibility parameter of the Gent model satisfies Jm < 18.2. Our study investigates the same phenomenon but for tubes with anisotropic form of the Gent model (finite extensibility of fibers). Anisotropy, used in our study, increases the number of material parameters the consequence of which is to increase degree of freedom of the problem. It will be shown that, in stark contrast to isotropic material, the unstable response is predicted not only for large values of Jm but also for Jm ≈ 1 and smaller, and that the existence of limit point instability significantly depends on the orientation of preferred directions and on the ratio of linear parameters in the strain energy density function (this ratio can be interpreted as the ratio of weights by which fibers and matrix contribute to the strain energy density). Especially tubes reinforced with fibers oriented closely to the longitudinal direction are susceptible to a loss of monotony during pressurization.
INTRODUCTION
Materials undergoing large elastic deformations exhibit many non-self-evident phenomena in their mechanical behavior. Some of them are linked to a loss of stability during deformation.
A non-monotonic inflation of cylinders and spheres, kink formation on a twisted rod, or wrinkling of the surface of the bent block may be mentioned as examples (Gent, 1999 (Gent, , 2005 Goriely et al., 2006; Kanner and Horgan 2007; Destrade et al., 2014) . In the past, the onset of instability and related deformation modes have been frequently discussed with reference to rubber-like materials which, due to their nonlinear mechanical behavior and wide industrial use, significantly stimulated development of the modern theory of elasticity. Increasing knowledge of the mechanics of soft tissues (arteries, veins, muscles, skin, tendons, ligaments, and esophagus), which inherently undergo large deformations and exhibit material nonlinearity, has also significantly contributed to the progress in nonlinear elasticity.
In biomechanics, a loss of deformation stability has been hypothesized to be a possible explanation for non-physiological sates such as arterial aneurysm formation (Alhayani et al., Horgan and G. Saccomandi in Horgan and Saccomandi (2005) and utilized by Horný et al. (2014) in the estimation of material parameters for the human abdominal aorta. It will be shown that, in stark contrast to isotropic material, the unstable response is predicted not only for large values of Jm but also for Jm ≈ 1 and smaller, and that the existence of limit point instability significantly depends on the orientation of preferred directions and on the ratio of linear parameters in the strain energy density function, which can be interpreted as the ratio of fiberto-matrix weights.
CONSTITUTIVE MODEL
The material of the tube will be considered to be incompressible and hyperelastic characterized by the strain energy function W defined per unit reference volume. In such a case the constitutive equation can be written in the form (1), Holzapfel (2000) . Here  denotes the Cauchy stress tensor. F is the deformation gradient defined as F = ∂x/∂X, where x and X, respectively, denote the position vector of a material particle in the deformed and the reference configuration. p plays the role of a Lagrangian multiplier which represents the hydrostatic contribution to , not captured by W, due to the incompressibility constraint.
IF F
Over the last decades, several models for W have been proposed to describe the mechanical behavior of elastomers and soft tissues under large strains. The classic approach, proposed by R.S. Rivlin, was to suggest that W is a polynomial function of strain invariants. Such functions, though suitable for elastomers, do not appropriately describe mechanical behavior of soft tissues exhibiting rapid strain stiffening Holzapfel, 2005) . It has been recently shown that models based on the concept of limiting chain extensibility are suitable for both elastomers and soft tissues (Horgan and Saccomandi, 2003; Ogden and Saccomandi, 2007; Horný et al., 2013 Horný et al., , 2014 . In their study focused on inflation stability, Kanner and Horgan (2007) investigated a model of W based on this concept. More specifically, it was a phenomenological analogue proposed by A.N. Gent (1996) , WG. Its mathematical form is expressed in (2).
Here  is the shear modulus at infinitesimal strains. I1 denotes the first invariant of the right Cauchy-Green strain tensor C (I1 = trace(C)), where C = F T F. Jm is referred to as the limiting extensibility (dimensionless) parameter because it restricts admissible deformations of the Limit point instability in pressurization of anisotropic finitely extensible hyperelastic thin-walled tube. International Journal of Nonlinear Mechanics, 77:107-114. DOI: 10.1016 /j.ijnonlinmec.2015 .08.003. Mnuscript version. Publisher link: http://dx.doi.org/10.1016 /j.ijnonlinmec.2015 material to the domain where I1 -3 < Jm applies. In other words, I1 -3 → Jm -implies W → ∞.
Thus finite extensibility of a macromolecular chain is, using the phenomenological approach, captured by a suitable mathematical form of the strain energy (logarithmic function). It is also clear that this mathematical choice gives the stress-strain relationship that in some intervals increases more rapidly than the polynomial and exponential functions. Regarding inflation instability, Kanner and Horgan (2007) found that there is a critical value of Jm, Jm = 18.2, which discriminates the behavior of a pressurized thin-walled cylindrical tube. The inflation is stable (monotonically increasing pressure for increasing circumferential stretch) for materials with Jm < 18.2. Whereas for materials with Jm > 18.2, there is a local maximum followed by local minimum that is subsequently followed by a steeply increasing section of the pressure-stretch curve (see Figure 5 in Kanner and Horgan, 2007) .
In contrast to industrial rubber-like elastomers, there is only a limited extent to which isotropic material models can be utilized for biological tissues. It is well known that although they are inherently macromolecular similarly to elastomers, soft tissues exhibit more or less anisotropic behavior, which results from their complicated hierarchical structure where amino acids are aggregated into polypeptide chains, the chains into specific protein macromolecules, the proteins into fibrils, and finally the fibrils are arranged into fibers that are visible on a microscopic scale (i.e. there are four orders of spatial arrangement; Buehler et al., 2008) . Horgan and Saccomandi (2005) recently proposed an anisotropic constitutive model that was inspired by the limiting chain extensibility concept. The specific form of strain energy density is shown in (3).
The model (3) is composed of the neo-Hookean part, which can be interpreted as the contribution of the isotropic matrix, and two logarithmic terms that depend on the deformation invariants I4 and I6. I4 and I6 are defined as the square of the stretch of the unit referential vectors M and N aligned with the preferred directions in the continuum; I4 = M•(CM) and I6 = N•(CN).
Jm is a positive, dimensionless, parameter that functions in a similar way as in the argument of a logarithm (2). It restricts the admissible deformations to the domain, where
applies.  is a positive stress-like parameter playing the role of of the extent to which the fibers contribute to the strain energy.
In the present form, the model (3) accounts for two preferred directions, in contrast to the transversely isotropic form (one preferred direction) suggested by Horgan and Saccoamndi (2005) . Since we are going to model cylindrical tubes, we will restrict our attention to the situation where M and N are symmetrically disposed around the circumferential direction of the tube and do not depend on the radius of the tube (that is M and N create helices laying in concentric layers of infinitesimal thickness). Considering cylindrical coordinates (R, , Z), the Limit point instability in pressurization of anisotropic finitely extensible hyperelastic thin-walled tube. International Journal of Nonlinear Mechanics, 77:107-114. DOI: 10.1016 /j.ijnonlinmec.2015 .08.003. Mnuscript version. Publisher link: http://dx.doi.org/10.1016 /j.ijnonlinmec.2015 unit vectors are of the form M = (0, cos(), sin () ) and N = (0, cos (-), sin(-) ) where  measures the inclination from the circumferential direction. Combining the geometrical symmetry of M and N with the material symmetry (in eq. (3) both directions are linked with the same  and Jm), forms a locally orthotropic material (p. 276 in Holzapfel, 2000; Holzapfel et al., 2000) .
In the context of biomechanics, the material can be used to model tubular tissues like arteries and veins (Horný et al., 2014) . The existence of (reinforcing) collagen fibers, which are responsible for the nonlinearity and anisotropy, is modeled by the preferred directions in the continuum. The neo-Hooke term in (3) is usually interpreted as the contribution of the isotropic matrix composed of elastin and smooth muscle cells in a passive state (Holazpfel et al., 2000; Horný et al., 2014) . Instead of limiting chain extensibility, the potential to interpret preferred directions as reinforcing fibers led Horgan and Saccomandi (2005) to use a new name, limiting fiber extensibility.
It is clear that an increase in Jm will extend the domain of admissible deformations for materials modeled by (2) or (3). It is well-known that as Jm → ∞, (2) approaches a neo-Hooke material, W = ½ (I1 -3). In regard to limiting fiber extensibility something similar applies, with the only difference being implicated by material anisotropy (Horgan and Saccomandi, 2005) . This is expressed by equation (4). The model (4) has been extensively studied, for instance by Ogden (2005a, 2005b) , and is frequently referred to as the standard reinforcing model.
Further information about limiting fiber extensibility models can be found in works by Horgan (2015) , Horgan and Murphy (2012) , Ogden and Saccomandi (2007) , Gultova et al. (2011) , and Horný et al. (2013 Horný et al. ( , 2014 . Further information about deformation invariants Ik (k = 4,..,8) can be found for example in Merodio and Ogden (2006) .
INFLATION-EXTENSION RESPONSE
Consider a long thin-walled cylindrical tube with closed ends that, in the reference configuration, has a middle radius R, thickness H, and length L. Assume that during pressurization, the motion of a material particle located originally at (R, , Z), which is sufficiently distant from the ends, is described by the equations summarized in (5).
Here r and h respectively denote deformed middle radius and thickness. Equations (5) express the fact that the tube uniformly inflates and extends and that it does not twist. Stretches Limit point instability in pressurization of anisotropic finitely extensible hyperelastic thin-walled tube. International Journal of Nonlinear Mechanics, 77:107-114. DOI: 10.1016 /j.ijnonlinmec.2015 .08.003. Mnuscript version. Publisher link: http://dx.doi.org/10.1016 /j.ijnonlinmec.2015 kK (k = r, , z; K = R, , Z) are the components of the deformation gradient F, [rR,,zZ] . The right Cauchy-Green strain tensor C has the form
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The material of the tube is considered to be incompressible, thus the volume ratio J, J = det(F), gives equation (7) expressing J = 1.
Equilibrium equations of a thin-walled closed tube loaded by an internal pressure P can be written in the form (8). Here rr, , and zz respectively, denote the radial, circumferential, and axial component of the Cauchy stress tensor. The radial component was considered to be zero due to the thin-wall assumption.
The combination of constitutive equation (1), strain energy density (3) and the invariants (6) gives the stress-strain relationships (9). 
Combining (8a) and (9a), one obtains p = rR 2 . Substituting (9b,c) into (8b,c) and using kinematic equations (5a,b) and (7) in the form rR = 1/(zZ), we obtain equations that govern the inflation and extension of the tube for a set of given material parameters (, , , and Jm) and geometry (R, H). They are expressed in (10) and (11). Recall that I4 = I6 in our case.
It is more convenient to work with dimensionless form of the equations which can be obtained by dividing (10) and (11) by . The result is (12) and (13) Limit point instability in pressurization of anisotropic finitely extensible hyperelastic thin-walled tube. 
The system (12-13) governs the mechanical response of the tube to dimensionless internal pressure P. If limit point instability takes place during the pressurization, it has to satisfy these equations. At this point, a substantial difference between our study and Kanner and Horgan (2007) should be noted. Kanner and Horgan (2007; as well as Gent 1999 as well as Gent , 2005 ) dealt with isotropic constitutive models. Substituting from constitutive equations into the sum of equilibrium equations (i.e.  -2zz = 0), they arrive at algebraic equation from which,
As a consequence, the problem of the limit point instability is simplified to a determination of the local extreme for the univariate function P = f(v). We will illustrate this approach using WG as an example.
Substituting from (2) into (1) gives constitutive equations for a Gent material in the form of (14). 
Based on the necessary condition for a stationary point, dP/dv = 0, Kanner and Horgan (2007) found that a tube with WG will show instable inflation for Jm > 18.2. Limit point instability in pressurization of anisotropic finitely extensible hyperelastic thin-walled tube. 
Unfortunately, combining (19) with v =  2 zZ, we were not able to find analytical solution giving  = (v) and zZ = zZ(v) that would has enabled an univariate formulation of the problem. In this situation, we approached a numerical solution of the equilibrium equations (12) and (13).
With regard to Jm → ∞, equilibrium equations for the material described by (4) are obtained from (12) and (13) 
The position of the stationary point is obtained by the derivative dP/d = 0. In (24) it is made explicit for material model (3). 
Since we do not know how zZ depends on , the derivative ∂zZ/∂ is left symbolic in (24).
This derivative can be determined locally by means of a derivative of the function defined implicitly. Substituting from (23) into (13) and rearranging the expression to be equal to zero, one obtains F(,zZ) = 0. Under the assumption of continuity of the derivatives and a nonzero denominator, ∂zZ/∂ is given as ∂zZ/∂ = -(∂F/∂)/(∂F/∂zZ) which can be substituted into (24). The final symbolic expression is somewhat complicated and we do not included it in its explicit form. In the case of model (4) the procedure is analog.
Recall that equilibrium equations (12) and (13), as well as (20) and (21), express a balance between dimensionless stresses  and zz/ computed from the constitutive equations (left sides) and from external loads acting on the deformed geometry (right sides). In what follows,  is computed after simulations of the inflation response using the right side of (12) and (20).
NUMERICAL SIMULATIONS
Since we were not able to simplify the problem of a local maximum for an inflating pressure to that of a stationary point in a univariate function, we turned our attention to a numerical solution of the equilibrium equations. To demonstrate whether the limit point instability occurs during the inflation of a tube, equations (12) and (13) were solved for unknowns P and zZ with a prescribed  in Maple 18 using a command NLPSolve from an Optimization package.
Equations (12) and (13) (12) and (13). Limit point instability in pressurization of anisotropic finitely extensible hyperelastic thin-walled tube. Simulations were started with  = 90°. The mechanical response predicted by (12) and (13) was checked for local extremes in obtained pressure. The simulations were repeated with  consecutively decreased by a constant decrement of  = 0.1° up to a situation when no local extreme in P was found. This value of  was denoted cr.
A similar approach was used in material model (4). Its response was governed by equations (20) and (21). / ∈ {2 n }n = -7 n = 7 was substituted into (20) and (21) and they were solved for the inflation response, which was subsequently examined for an existence of the local extremes.  = 0.1 was used everywhere in the study. 
RESULTS AND DISCUSSION
The results are depicted in (20) and (21), i.e., for Jm → ∞, with / = 16. The last point is especially important from the arterial biomechanics point of view. Horný et al. (2014) , who estimated material parameters for the abdominal aorta using model (3) where  was interpreted as the orientation of reinforcing collagen fibers, found that  should be Limit point instability in pressurization of anisotropic finitely extensible hyperelastic thin-walled tube. International Journal of Nonlinear Mechanics, 77:107-114. DOI: 10.1016 /j.ijnonlinmec.2015 .08.003. Mnuscript version. Publisher link: http://dx.doi.org/10.1016 /j.ijnonlinmec.2015 expected at 39.12° ± 2.03 (mean ± standard deviation). Other works, although using different constitutive models, predicted similar orientations (approx. 47° by Haskett et al., 2010; approx. 45° by Vande Geest et al., 2004; approx. 42° by Pierce et al., 2015; and approx. 39° by Weisbecker et al., 2012; approx. 41° by Novak et al., 2015) . As Figure 1 shows, tubes with reinforcing fibers oriented at  ≈ 40° can exhibit limit point instability at various Jm and /.
This theoretically gives rise a possibility that the limit point instability could contribute to aneurysm pathophysiology.
However, aortas would have to satisfy / < 0.1 as shown in Figure 1 . To depict the situation, parameters estimated by Horný et al. (2014) are shown in Figure 1 in the form of empty squares. It is clear that the parameters fall in the region of monotonic inflation since they satisfy / > 1. Moreover, the mean value (median) and variability (interquartile range) of Jm were found to be 0.246 and [0.137,0.539] , respectively (Horný et al., 2014) . It implies that results based on the limiting fiber extensibility constitutive model suggest that limit point instability does not take place in the human abdominal aorta. To conclude definitively that this mechanism does not contribute to aneurysm development, would require data characterizing aneurysmatic aortas, however, constitutive parameters of (3) With  = 90°, non-monotonic inflation was obtained independently of Jm and / in all simulations conducted for the model (3). The Figure 3 and 4 illustrate this situation. The same result was also obtained as Jm → ∞ ( Figure 5 ). The implicit function theorem or perhaps it is better to say, the derivative of the function given implicitly, was used to obtain ∂zZ/∂ which Limit point instability in pressurization of anisotropic finitely extensible hyperelastic thin-walled tube. International Journal of Nonlinear Mechanics, 77:107-114. DOI: 10.1016 /j.ijnonlinmec.2015 .08.003. Mnuscript version. Publisher link: http://dx.doi.org/10.1016 /j.ijnonlinmec.2015 is necessary for dP/d to be given by (24) . (24) The right panel in Figure 4 shows a local pressure maxima as the intersections between inflation traces and { [,zZ] ; dP (,zZ() )/d = 0}. It is highlighted with black a asterisk. One can see that these maxima are not followed by minima, which suggest a monotonic decrease in pressure. On the other hand, both the traces and { [,zZ] ; dP (,zZ() )/d Limit point instability in pressurization of anisotropic finitely extensible hyperelastic thin-walled tube. International Journal of Nonlinear Mechanics, 77:107-114. DOI: 10.1016 /j.ijnonlinmec.2015 .08.003. Mnuscript version. Publisher link: http://dx.doi.org/10.1016 /j.ijnonlinmec.2015 = 0} asymptotically approaches the border of admissible deformations given by (I4 -1 < Jm ½ )
∧ (I6 -1 < Jm ½ ), which is indicated by the dotted curves. Similarly to the limiting fiber extensibility model (3), in the lower right panel of Figure 5 , which is constructed for Jm → ∞, local maxima are again highlighted with an asterisk. However, in this figure, there is also one local minimum highlighted with a black cross (lower right panel) at  = 87°. It implies that from this point, the pressure response continues with increasing pressure with increasing deformation.
Additionally to the pressure responses P- and P-zZ, Figures 2, 3 , and 5 also display normalized circumferential stress as a function of . The dependences document that stress-stretch relationship is, in contrast to the pressure response, monotonic. It was found using model (3) as well as using Jm → ∞. This result agrees with isotropic analog of the limiting fiber extensibility model (c.f. Figure 7 in Kanner and Horgan, 2007) .
Let us finally note that zz = ½ and thus relationships for axial stress are not presented graphically because they are qualitatively the same as for . We also would like to again point out that we found that an introduction of auxiliary variable v =  2 zZ into the problem does not reduce limit point instability to a local extreme for P = P(v), due to anisotropy and nonlinearity. This is the reason why, in contrast to Kanner and Horgan (2007) , we prefer to present pressure responses as P- and P-zZ dependences instead of P-v.
CONCLUSION
To the best of our knowledge, this is the first study analyzing monotonicity of the inflation response of thin-walled cylindrical tubes with a material characterized by limiting fiber extensibility. Our study follows the line of thinking started by Kanner and Horgan (2007) when they investigated isotropic variant of the Gent model. Kanner and Horgan showed that with isotropy, there is a critical value of Jm that discriminates between stable and unstable inflation.
However, anisotropy, used in our study, increases the number of material parameters the consequence of which is to increase degree of freedom of the problem. The results show that tubes with limiting fiber extensibility given by (3) are always unstable when fibers are aligned in a longitudinal direction. If fibers are deflected from longitudinal direction, monotony of the pressure response depends on / and Jm. In contrast to isotropic case, non-monotonic response can also be obtained for only slightly extensible fibers, i.e., for example Jm = 0.1.
